In this paper we study neutral atoms of nuclear charge Z in a strong constant magnetic eld of strength B. We improve the bound on con nement to lowest Landau band given by Lieb, Solovej and Yngvason in LSY94a]. This permits to calculate the asymptotic form of the quantum current of atoms in the parameter region Z 4=3 B Z 46=27 .
Introduction

Discussion of results
The behavior of atoms in strong magnetic elds has been the object of study of a number of papers in recent years. The mathematical analysis most notably started with the works LSY94a] and LSY94b] (see these for a discussion of earlier work).
In this paper we will study the local current (local magnetic moment) of the atoms (see precise de nition below). The current (magnetic moment) is the variational derivative of the ground state energy of the atom with respect to the external magnetic vector potential (external magnetic eld). In the previous work Fou01b] the current of neutral atoms was calculated in the asymptotic regime B; Z ! 1 with B=Z 4=3 bounded. This includes the regime where the magnetic eld starts to play a role (see LSY94a] and LSY94b]), but fails to include the regime (B Z 4=3 ) where magnetic e ects become very strong (con nement to lowest Landau band). In the recent paper Fou] the easier mean-eld case was considered in a semiclassical limit corresponding to Z 4=3 B Z 3 . The essential new work there was to obtain (what can be understood as) an improved estimate on con nement to the lowest Landau band. Unfortunately, this con nement estimate is not readily generalizable to the N-body case. In this paper we use another approach to obtain a con nement estimate (Theorem 1.1 below) and collect the consequences for the current. Our result on the current in the present paper does not include the entire region Z 4=3 B since the con nement estimate is weaker than the corresponding result in Fou]. However, we do go (far) beyond the B Z 4=3 range studied in Fou01b] .
Before further discussion, let us set the mathematical stage. The magnetic hamiltonian of an N-electron atom of nuclear charge Z H =^N j=1 L 2 (R 3 ; C 2 ). As usual p = (?ir) and a superscript (j) denotes that the corresponding operator acts on the j-th factor in the antisymmetric tensor product de ning H. In particular x (j) is the coordinate of the j-th electron. In the following we will use the notation p A = (p + A). Let (Here j j is the euclidean norm in C N . (1.5)
In this paper we will be interested in the last two regions above -i.e. B=Z 4=3 ! 1.
The rst result of the present paper concerns con nement to the lowest Landau band and is a sharpening of LSY94a, Theorem 1.3]. Knowing the asymptotic form of the energy (c.f. (1.5)), one can motivate this con nement as follows: It costs an energy of the order of B to place an electron in a Landau band which is not the lowest. When B Z 4=3 and we have N = Z electrons, the ground state energy would therefore be of order BZ if a nonvanishing fraction of the electrons were out of the lowest Landau band. But the energy given in (1.5) is clearly much smaller (for B Z 4=3 ) than BZ. To give the statement of the mathematical result we need a bit of notation. The projection 0 on the lowest Landau band for one electron has the integral (1.6) where x ? = (x 1 ; x 2 ), and where P # = 0 0 0 1 ; is the projection to the spin-down subspace.
We de ne N 0 as the projection in^N j=1 L 2 (R 3 ; C 2 ) to the space where all electrons are in the lowest Landau band, i.e. N 0 = N j=1 Theorem 1.1 will permit us to calculate the current of neutral atoms up to B Z 46=27 . In subsection 1.3 we will state the results of this calculation in more detail.
We easily get the following corollary to Theorem 1.1, which will be proved in Section 3 after the proof of the theorem. Recall that p A = (p A;1 ; p A;2 ; p A;3 ) = p + A. We now de ne the kinetic energy operator in the coordinates perpendicular to the magnetic eld,K, asK = p 2 A;1 +p 2 A;2 + B.
The corresponding total perpendicular kinetic energy operator iŝ
Corollary 
Results on the current
In order to calculate the current in strong magnetic elds a virial type theorem is very useful (see e.g. Fou01b]). This virial theorem (Lemma 4.1) will be discussed further in Section 4. It is a necessary assumption in order to apply the virial theorem that there exists a ground state (i.e. that the bottom of the spectrum is an eigenvalue). This is the reason why, for the results on the current, we need to assume the existence of a ground state. Using the virial theorem we can write, for all eigenstates of H,
where the operators on the right, J KIN , J INT and J DENS are given in (4.3).
It turns out to be much easier to calculate the terms on the right hand side than the original expression h ; J(a) i.
Most of our results will only be valid in (a part of) the region Z 4=3 B Z 3 . In this region both MTF (and the similar STF)-theory and DMtheory are asymptotically correct with respect to the energy. For MTF (and STF)-theory, one can easily de ne an MTF-current since MTF-theory readily generalizes to non-constant magnetic elds. This was carried out in Fou01b]. The results below imply, using the calculations in Fou01b], that MTF-theory not only gives correctly the energy and the density (as stated in Theorem 1.3) but also the current. The other approximating theory, DM-theory, does not easily generalize to non-constant magnetic elds. It is therefore of interest that the mathematical analysis below indicates (even if not proved beyond B Z 46=27 ) what the current in extreme magnetic elds should be. Now we will discuss each of those three terms and how it is analyzed in the paper. The operator J DENS is actually just a multiplication operator
where is the density of the atom. We therefore immediately get the asymptotics of J DENS from Theorem 1.3. Let us rst de ne the common notation for the results on the di erent parts of the current. We take an a sc = (a sc;1 ; a sc;2 ; 0) 2 C 4 0 (R 3 ; R 3 ), i.e. a test function that lives on a scale of order 1. We then scale it to the size of an atom a(x) = a Z;B (x) = (`a sc (x=`) for B 2Z 3 Z(log ) 2 a sc (Z 1=2 x ? ; Z(log )x 3 ) for B 2Z 3 ;
(1.13) where = B=Z 3 and`= Z ?1=3 ?2=5 .
Remark 1.5. In order to calculate the current for general a (i.e. not as- The second operator, J INT , is very similar to the electron-electron interaction P j<k jx (j) ? x (k) j ?1 . In order to analyze this term we need to slightly generalize the Lieb-Oxford correlation inequality. Furthermore, we need to study a density matrix theory which is perturbed by a resulting current term. This is done in Section 5. The result of all this is the following Theorem 1.7. Let The proof of this theorem is carried through in Sections 3 and 6. In Section 6 we reduce the proof to the estimate on con nement to the lowest Landau band; Theorem 1.1. That estimate is proved in Section 3. The estimate needed is a sharpening of the similar result in LSY94a]. This improved con nement is interesting in its own right, independent of applications to the current.
Basic estimates
In this section we collect a few basic estimates that will be used in the paper. First we summarize some results on the di erent parts of the energy (kinetic, potential).
Lemma 2.1 ( LSY94a] 
We will also need to know that the projection 0 commutes (to a very high accuracy) with regular functions. This is given more precisely by the following lemma.
Lemma 2.2. Let 0 be the projection on the lowest Landau band given in (1.6). Suppose f is a function satisfying rf 2 L 1 (R 3 ) (i.e. f 2 C 0;1 (R 3 ) the space of uniformly Lipschitz continuous functions). Then there exists a constant independent of B and f such that With this notation we will prove that for any 0 < 1 ; 2 < 1, In order to prove (3.2) notice rst that it is an equality for the kinetic energy terms H
A , since these commute with the . For V (x (j) ) we proceed as follows:
For the cross terms with This gives the terms inĤ andH with one-particle potentials. For the two-particle terms V (x (j) ? x (k) ) we proceed similarly, but with projections 0 and > in both the j and k variables. Part 2. Study ofĤ . Notice, that we actually proved (3.2) as an operator inequality on all of N j=1 L 2 (R 3 ; C 2 ). For the next steps we will need the antisymmetry of the electronic wavefunctions. Suppose that 2^N j=1 L 2 (R 3 ; C 2 ), then (x (1) ; : : : ; x (N) ) is antisymmetric separately in the variables in and those in the complement,~ . We will bound Ĥ +H from below by We will now estimate the di erence between the ground state energy of the perturbed operator, N 0 H 0 N 0 , and and the con ned energy E This proves the bound (3.5) for 1 `H 0 2 . The same bound holds clearly for 1 `H 0 3 , using the magnetic LiebThirring inequality. Thus we have proved (3.5).
We will choose 2 ; such that A ) 2 + 2B) . This follows as in LSY94a] since the jth electron is restricted away from the lowest Landau band (when j = 2 ). We want the error term from the commutator to be controled by the positive B above, so we get the condition In the proof we used the following Lieb-Thirring type inequality. From here the calculation is straight forward, (and identical to the one in LSY94b]) using the explicit kernels of 0 and (p 2 3 + E 2 ) ?1 . 0 in the lower bound). Though this statement is very likely true, it is not obvious, so in order to avoid this point we de ne slightly more complicated operators/functionals (still of the form (5.1)) in this paper. We will only carry the argument through for DM-theory. For MTFtheory, one can either (roughly) replace DM by MTF in the proof below, or look at Fou01b] | taking note of the remark above.
A concave function
Let 2 (? 0 ; 0 ), where 0 is so small that the function x 7 ! (x) x + ã(x); is invertible on all of R 3 for all 2 (? 0 ; 0 ), whereã was de ned in (4.1).
We denote the inverse of by . This function satis es clearly (x) = x ? ã(x) + O( 2 ). Notice also that sinceã has compact support there exists an R 2 R + independent of such that (x) = x for all jxj R, 2 (? 0 ; 0 ). Consider, for x; y 2 R 3 ; x 6 = y, the function is concave (for all u(x; y) with u jx ? yj ?1 u < +1).
DM-theory with a current term
We will need a perturbed density matrix theory. We can now state the results on the perturbed DM-theory. The function 7 ! E DM (N; Z; B) is di erentiable at = 0 with The rst inequality is just the concavity in . The second inequality is a consequence of the variational principle for the energy, so we only need to justify the nal equality (which is really a bound). Using the upper bound The proof of this lemma is simple, using the standard Lieb-Oxford inequality and the argument from The contribution to the current of each of these terms will be small. First the terms J KIN;diag and J 2 are estimated in Lemma 6.1. The remaining operator, J 1 , is further split in (6.6). The individual components of J 1 are then estimated in Lemma 6.2 and Lemma 6.3. The nal lines of this section combine the estimates proved here with Corollary 1.2 to obtain a proof of Theorem 1.9.
Lemma 6.1. Let ; > 0 be given and let be a ground state for H(N; Z; B). Finally, the o -diagonal part. This is estimated combining the above ideas.
The diagonal part of J 1 is also readily estimated. We write and we nish the proof of Lemma 6.2 by invoking Lemma 2.1.
We nally need to estimate the o -diagonal part of the operator J 1 . This is the result of Lemma 6.3. Combined with Corollary 1.2 on the perpendicular kinetic energy Lemma 6.3 gives a useful bound on J 1;o for a range of magnetic eld strengths.
Lemma 6.3. Let The proof of Lemma 6.3 nishes by estimating jr(x (j) )j c, yielding The proof of Theorem 1.9 is now straight forward. Proof of Theorem 1.9. It is easy to see that Theorem 1.9 follows by combining Corollary 1.2 with Lemma 6.1, Lemma 6.2 and Lemma 6.3.
